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1 Ildea

The fundamental idea of this project is, to show the different numerical methods of solving differential
equations. DE’s are very important in physics because they describe many problems like body
systems, processes in electrical engineering, etc.

In this project i decided to use C++4, because it is a very common programming language and
i wanted to expand my poor knowledge about it. Another reason was, that i have had to write
everything on my own and no math program like MatLab, Mathematica, etc. offered the algorythms
to solve the equations. So, my first task was to get comfortable with the approximation methods
and how i am able to translate them into C++ - Code.

This project paper should give an overview of these methods, their quality and their implementation.
I tried to produce a graphical interface with Qt, so that it would have been possible to change the
DE formula without editing the file, but it came out that this would have been a lot of additional
work and i’ve already had enough problems with the C++ - Code.



2 Numerical Approximation Methods

2.1 Introduction

The very imortant and probably the oldest usage of computers in physics is to solve Differential
Equations. The first full electronical mainframe called ENIAC - programmed with connectors - was
used to solve partial DEs for nuclear fusion and made it possible to develop the hydrogen bomb. The
americans didn’t win the race to the moon because of their better rocket technology, but of their
ability to build the first computer, light enough fitting into the spacecraft computing numerically
the flight path.

Replacing a bad tube meant checking among ENTAC's 19,000 possibilities.

ENIAC (Electronic Numerical Integrator and Computer)

2.2 Discretization

Computer are finite machines and therefore can only work with discrete problems. Firstly, in equa-
tions the independent variable z (or ¢ in time dependent DEs) has to be discretized:

r=x9+jh; €N

Where h is the step size in this iteration. The iteration index j adopts the role of the independent
variable and one can use the following notation:

’

xj = x0 + jh, yj = y(x;), y; = v (x;)
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2.3 Euler Method

The root of every iteration method is the taylor expansion:

(0.9]
hk k / h2 "
Yj+1 = Z Ey]( ) — yj + hy; + Y + ..
k=0
If every derivation would be known, one could iterate exactly the Differential Equation. Unfortu-
nately, only the first derivate is given through:

y; = f(x5,9n)

The simplest method is therefore to cancel after the 1st order, what leads to an iteration error of
the order O(h?). This method is called Euler:

yjr1 = y; + hf(xj,y;) + O(h?)

h

Approximation y(x)

specify
y'(x)=f{v, X) here

N

X, X,

numerical error

real y-value

\ 4

Functionality of the Euler Method

The Euler method is very popular in solving Integrations, but not very exact. To improve the
accuracy, the step size h must be chosen very small.

2.4 Runge-Kutta 2nd Order

As a matter of fact, it is possible to improve the efficiency and accuracy of a numerical iteration with
little effort, by using Runge-Kutta. The Runge-Kutta Method 2nd order doesn’t use the gradient of
the left /precedent point - like Euler - to proceed to the next point, but the gradient in the middle
of the two points. Thereto you do an half iteration step h/2, compute the gradient using function f
and use it for the step to the next point. Therefore the Runge-Kutta 2nd order is not much more
complicated than Fuler. On the one hand the iteration needs a bit more time, because the function f
has to be computed twice, but the error reduces to the order O(h?®). On the other hand it is possible
to work at the same accuracy with a bigger step size and therefore in less time.

The functionality of RK2 is following:

k= h- f(z,;)

h k
Yir1 =i+ he f@j+ 5.y + )+ O(hY)
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h - : .
Euler Approximation

numerical error of
Euler method
RK2 Approximation

specify
y'(x)={{v, x) here

real y-value

A J
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Functionality of the RK2 method

2.5 Runge-Kutta 4th Order

Runge-Kutta 2nd order has an error of O(h?). On a related way you can define the Runge-Kutta
methods of higher orders: A RK kth order would converge with decreasing step size with an error
of O(h*+1). But these methods of higher order are not clearly defined, there is not the Runge-Kutta
kth order, rather a variety of approaches.

If you increase the order, you can expect a obvious improvement and a much more complicated
algorithm. A good trade-off standing the test in practise is the Runge-Kutta method 4th order -
alias known as the classical Runge-Kutta method:

k= h- f(z,y;)

h kq
kzzh'f($j+§,yj+?)

h k
ks=h-flaj+ 5.0+ %)

ky="h- f(z;+h,y; + k3)

B ki ko ks kg

y]+1—yj+6+3+3+6
At first - like in RK2 - the gradient ko in the middle of the two points will be computed. With
koanother point at the half interval is approximated, where the gradient ksis taken. At last, k4is

computed at the end of the inverval. With these four parameters a mean value is formed, used as
the gradient for the whole step. It is easier to understand regarding the following figure.
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real y-value
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Functionality of the RK4 method

2.6 Runge-Kutta-Fehlberg 4th Order

It often occurs, that in certain regions of a function a very accurate iteration is needed, while in
other regions greater steps are adequate. So it would be an advantage if an algorithm would adjust
the step size dynamically. Further on the adjustment should be done fast and not only in large
distances and the half step method should be avoided, because of the great time effort. A method,
that computes the error spontaniously with the k-values and fits the step size dynamically is the
Runge-Kutta-Fehlberg method 4th order (aka. RKF45). This method uses following equations:

h ket
b= oy + 5w+ )
3 3 9
ks =h- f(zi + Shoys + —ky + —k:
3 f(:cg+8,y]+321+32 3)
12 1932 7200 7296
ha = he f(o+ ghovi+ 5rgnk = grgnhe + 510hs)
439 3680 845
1 8 3544 1859 11
o 16, 6656, 28561 9 2
Yt =0T 35 T 19895 T 56430t T 500 | 550

Beacause there are more interim values as needed for the computation of y;41, a better approxi-
mation of 5th order can be computed:

16 6656 28561

21 = Ui 35 Mt 1ga5 R T paas0

If € is the given tolerance, an adjustment of the step size h will be:

' 1/4
h=h- <€h>
2|zj41 — Yj+1]

9 9
by — —ks + — kg
47 5p"s T 557
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The implementation of the numerical methods into the C++ code needed some research and getting
involved in the way of programming this language. The main difficulties were: how am i able to
return all the y(x) values from the functions to the main programm and how to implement an
differential equation as a function. At first i decided to handle the DE-function as a pointer function
and tried to stay away from the simple “return” of an expression:

16 A The ORE iz defined here

17 wold £x{double *x, double *vy)
15 {

15 T‘ vlot=vy+x—-1;

Z0 }

Unfortunately i wasn’t able to implement it in my numerical functions, because of the strange
complexity of pointers and so i returned to the old style, by staying away from a pointer function:

1a A The OBRE iz defined here

17 double f{doubhle %, double ¥}
15 {

19 T‘ return v+x-1:

20 }

The numerical approximation methods are functions as well and shown in the code below:
Euler in C++:

Z2 AfBuler function to solve the ODE

23 wvold euler{double &, double b, double h, double w0, double eulerout[][Z]}
24 [HH{

25 int W = {int)abs{{b-a)fh):
26 double ¥ = v0O:;

27 double x = a;

25

29 for {(int i=0; i<=N: i++}
0 H {

31 eulercut [1] [1]=x:

32 enlercut[i] [Z]=¥"

33 v = v + h*f{x,v):

EET ¥ = H+h;

35 E }

3G 1
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Runge-Kutta 2nd order in C++:

35
39
40
41
42
43
44
45
46
47
45
49
50
51
a2
53
54
35

S Runge-kKutta 2nd order function to solve the ODE

swolid rkE{double a,

=

int N = {(int)abs{{b-a)fh):
double v = v0O;

double x = a;

double k1;

for {(int i=0; i<=N; i++}

{
Stk 2out[i][1]== same x azs ineuler
rkZout[i]=v:
k1l = h¥f{x,v):
v =% + hvfi{x+{hfz 0y, v+{(k1fz .0y
¥ = H+h!

X

Runge-Kutta 4th order in C+-+:

57
ba1=]
59
a0
Al
62
a3
A4
a5
aa
a7
a3
(3=
o
71
T
T3
Ta
=
e
il

S Runge-kKutta 4th order function to solve the ODE

wold rk4{doukble a, double b, double h, doukble 0,

=1

int N = {(int)abs{{b-a)fh):
double v = viO;

double x = a;

double k1,kZ2,k3,.k4:;

for {(int i=0; i<=N; i++}

double b, double h, double v0O,

double rkéout[])

double rkd4cut[]}

{
Serkdout[i][1]==; =same x az ineuler
rkdout[i]=v:
Sfcout oy o " o rkedout[i][1] < endl;
Kl = h¥*f{x,7):
K2 = hdE{xti{hfz 0y, v+ {klfz 0y
K3 = hdf{xti{hfz 0y, v+ (k2f2 0y
k4 = h*f{x+h,v+k3};
o= 7 o+ (RIS OV RSSO H{ RSSO0 H{ ke f e, 0) ;
¥ = Xth:

H



3 Programming

Runge-Kutta-Fehlberg 4th order in C++:

79
t=11]
g1
=1
g3
=
&5
=13
=
[=15]
[=1=]
a0
91
92
93
94
95
96
o7
95
EIE]
100
101
102
103

A Runge-Kutta-Fehlberg 4th order function to solve the ODE
wold rkf45{double a, double b, double

=R

=

int N = {int)abhs{{b-a)/fh}:

double
double
double
double

h, double y0, double rkfd4Sout[][=2]1)

v = y0;

X o= a;

tol = : ftolerance of the dynamic step size
kl,k2,k3,k4,k5, k6,2

for {int i=0: i<=N; i++)

{

rkd4Sout [1] [1]1=x: Ffthe =-value could differ because of dynamic h
rkd4Souc [1] [2]=v:

k1l
k2
k3

= h¥E(x,7);
= h*f{x+{hf) 7+ (k1f4));
= h¥E{xH{S¥hFE) ,TH{S*k1)

PH{ERRZSEEY) ;

= h*E{x+{12%nf15), v+ *Rlf )-i *R2f b+ IS b

= h*f{x+th, v {430%k1f216) -a*k2+{ *RIFO15)-( 545Nk S ¥):

= h*f{x+{hf2),v-(E*k1f27)+2* k2 ( *Raf yHL *kaf y-{11%kSf
¥ o+ (Z5%R1Lf216)+( *ES S Y+ *kaf J-(RES5) ;

= ¥ + (1e*R1f155)+( RIS b+ *kaf Yo (S*RSFEO)+{2HRES

h¥pow{{tol¥h) fi*abs{z-v),
®t+h;

F4y: Sfdynamic step size

¥:

by :
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And finally the main-programm which calls all numerical functions and writes the computed
iterations into a file called “out.dat”.

109 int main {}

110 [Hf

111 double a= H

112 double b= H

115 double h= H

114 double v0= :

115

116 int N = {intyabs{{h-a)fh):
117

115 double eulerout [N][2]:

119 double rkZout[N]:

120 double rkdour [N] !

121 double rkfd4Sout [MN1[2]:

122

123 euler{a,b,h,v0,eulercuty ;
124 rki{a,b,h,v0,rkZout):;

125 rk4{a,b,h,y0,rkdouc) ;

126 rk45{a,b, h,y0, rkf450ut) ;

127

128 Fiwrite all data ina file

129 ofstream os;

150 os.open{ Tout . dacT) ;

151 if {(mot o0s) cout << "lnable to openfurite file 'out.dat'."™ << endl:;
132 else

133 [H {

134 for {int i=0; i<=I1: it++)
135 [H {

136 08 << 1 =< "\t" << eulerout[i][1] << "W t" =« eulerout[i][2] =< "t =«
137 E H

155 as.cloze() !

139 cout << "File out.dat written successfully.™ << endl:
140 & H

141 1

The output file shows the number of steps and the needed z and y values to plot all the different
numerical approached data:

1 0 a 1 1 1 a 1

2 1 0.5 1 1.125 1.14544 0.5 1.145%74
A 1 1.25 1.64062 1.71735 1 1.71534
3 3 1.5 1.875 £.79102 £.97Y933 1.5 £.931853
5 4 Z 3.0825 4.9729 5.38397 2 5.38936
B 5 2.5 5.09375 5.83096 9.67201 2.5 9.68311
T8 3 g.39062 15.4123 17.0643 3 lT.DBEﬂ

steps/x-value/Euler/RK2/RK4/x-RKF /RKF45

10
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Here the Differential Equation 3/ = y + x — 1 was computed with the following preferences:

e arecafroma=0tob=3
e step size h = 0.5

e start value yg = 1.0

Finally the data was plotted using SciLab:

Differential Equation with different approximaiton methods

11
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Error compared to exact solution
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I wrote a small script called “run” to do the work for you. All what you have to do is to change the
DE in the “project.cc” as you like and in the Scilab file “dataplot.sce” to compare it to the numerical
data in the output file of the C++ script, then start the script with “./run” and you should see the
plotted graphs.

13



